Abstract. In Gleyzes-Langlois-Piazza-Vernizzi (GLPV) theories, it is known that the conical singularity arises at the center of a spherically symmetric body (r = 0) in the case where the parameter α H4 characterizing the deviation from the Horndeski Lagrangian L 4 approaches a non-zero constant as r → 0. We derive spherically symmetric solutions around the center in full GLPV theories and show that the GLPV Lagrangian L 5 does not modify the divergent property of the Ricci scalar R induced by the non-zero α H4 . Provided that α H4 = 0, curvature scalar quantities can remain finite at r = 0 even in the presence of L 5 beyond the Horndeski domain. For the theories in which the scalar field φ is directly coupled to R, we also obtain spherically symmetric solutions inside/outside the body to study whether the fifth force mediated by φ can be screened by non-linear field self-interactions. We find that there is one specific model of GLPV theories in which the effect of L 5 vanishes in the equations of motion. We also show that, depending on the sign of a L 5 -dependent term in the field equation, the model can be compatible with solar-system constraints under the Vainshtein mechanism or it is plagued by the problem of a divergence of the field derivative in high-density regions.
Introduction
Over the past century, General Relativity (GR) has persistently been the fundamental theory for describing the gravitational interaction with matter. The standard model of particle physics has also been the backbone of high energy physics along with the discovery of the Higgs particle. Nevertheless, unifying gravity with other forces in Nature is still a challenging task. Moreover, the observational evidence of a late-time cosmic acceleration [1, 2] implies that the gravitational law may be modified on infra-red scales to realize an effective negative pressure against gravity [3] [4] [5] .
The cosmological constant arising from the vacuum energy of particle physics can lead to the cosmic acceleration, but its energy scale is vastly larger than the observed dark energy scale [6] . An alternative approach to explaining the Universe acceleration (for both dark energy and inflation) is to introduce a scalar field φ beyond the standard model of particle physics [7] . Such a scalar field can be generally coupled to gravity [8, 9] through interactions like G 4 (φ, X)R and G 5 (φ, X)G µν ∇ µ ∇ ν φ, where G 4,5 (φ, X) are functions of φ and X = ∇ µ φ∇ µ φ (∇ µ is the covariant derivative operator), R is the Ricci scalar, and G µν is the Einstein tensor.
The X-dependent couplings with R and G µν can give rise to equations of motion containing derivatives higher than second order [10] . In such cases, the ghost-like Ostrogradski instability [11] arises, in general, due to the Hamiltonian being unbounded from below. One can formulate the action of the most general scalar-tensor theories with second-order equations of motion by adding terms that cancel higher-order derivatives [12] . Such a general action was first derived by Horndeski in 1974 [13] and it received much attention after 2011 in connection to the problems of inflation and dark energy [14] [15] [16] [17] [18] [19] .
In Horndeski theories, there is only one propagating scalar degree of freedom (DOF) besides the two graviton polarizations. If we go beyond the Horndeski domain, then the theories have derivatives higher than second order, but this does not necessarily increase the number of propagating DOF. In fact, Gleyzes-Langlois-Piazza-Vernizzi (GLPV) expressed the Horndeski Lagrangian in terms of the 3+1 Arnowitt-Deser-Misner (ADM) decomposition of space-time [20] by choosing the unitary gauge [21] and derived more general theories without imposing the two conditions that Horndeski theories satisfy [22] . According to the Hamiltonian analysis in the unitary gauge, the GLPV theories have only one scalar DOF [22] [23] [24] [25] . The recent full gauge-invariant analysis of Ref. [26] also supports this claim.
The GLPV theories were applied to the spherically symmetric background [27] [28] [29] [30] [31] [32] [33] as well as to the cosmological setup relevant to dark energy [34] [35] [36] [37] [38] [39] [40] [41] . The main motivation for the derivation of spherically symmetric solutions is to understand how the screening of the fifth force mediated by the scalar DOF works to recover the General Relativistic behavior inside the solar system [42] . In Horndeski theories up to the Lagrangian L 4 (involving the non-minimal coupling G 4 (φ, X)R), it is known that non-linear scalar-field self-interactions associated with Galileons [10, 43] can lead to the suppression of the fifth force around a compact body [28, [44] [45] [46] [47] through the Vainshtein mechanism [48] . The Horndeski Lagrangian L 5 , which contains the derivative coupling G 5 (φ, X)G µν ∇ µ ∇ ν φ, generally prevents the success of the Vainshtein mechanism in high-density regions [19, 49, 50] .
In GLPV theories, up to the Lagrangian L 4 , it was found that a conical singularity arises at the center of a spherically symmetric body (r = 0) for the models in which the parameter α H4 , characterizing the departure from Horndeski theories, approaches a non-zero constant as r → 0 [32] . This singularity is related with the geometric modification of the four-dimensional Ricci scalar R expressed in terms of the three dimensional extrinsic and intrinsic curvatures appearing in the ADM formalism. To avoid the divergence of curvature invariants at r = 0 for spherically symmetric solutions, the deviation parameter α H4 was required to vanish for r → 0 (whereas α H4 can be non-zero for r > 0). In fact, it is possible to construct dark energy models without the conical singularity in GLPV theories, while satisfying cosmological and local gravity constraints [41] .
Since the analysis of Ref. [32] is restricted to the up-to-L 4 sub-class of GLPV theories, it remains to be seen what happens around the center of a compact body in the full GLPV theories containing the Lagrangian L 5 . This is the issue addressed in the present paper. In particular, our first interest is to show whether the conical singularity induced by the non-vanishing α H4 at r = 0 is affected by the addition of L 5 . Secondly, we would like to see whether the Lagrangian L 5 outside the Horndeski domain can induce other curvature singularities at r = 0. In order to avoid that the divergence of curvature invariants (such as R) may occur because of the unphysical choice of free functions on spherically symmetric backgrounds, we consider those GLPV theories whose action remains finite in the limit X → 0 with the regular boundary condition dφ/dr = 0 at r = 0.
In addition to the derivation of spherically symmetric solutions around r = 0, we also obtain solutions inside/outside the compact body by taking into account a non-minimal coupling between φ and R. This is for the purpose of addressing whether the Vainshtein mechanism is at work in the presence of the GLPV Lagrangian L 5 . In the GLPV domain, there is one particular model in which the coefficient s 5 arising from L 5 disappears in the field equations of motion. Depending on the sign of s 5 , we find that the model can be compatible with solar-system constraints under the operation of the Vainshtein mechanism or it suffers from divergent behavior of the field derivative in regions of high density. This paper is organized as follows. In Sec. 2 the equations of motion in full GLPV theories are derived on the spherically symmetric background by introducing quantities associated with the Lagrangian in the ADM formalism. In Sec. 3 we first review how the conical singularity arises in the theories up to the Lagrangian L 4 and then obtain general conditions for avoiding the divergence of curvature invariants at r = 0. In Sec. 4 we study how the existence of the Lagrangian L 5 in both Horndeski and GLPV theories affects the problem of the conical singularity at r = 0. In Sec. 5 we derive spherically symmetric solutions both inside and outside the body on account of the non-minimal coupling between φ and R. We discuss conditions under which the model with the Lagrangian L 5 can be compatible with local gravity constraints through the operation of the Vainshtein mechanism. Sec. 6 is devoted to conclusions.
Background equations of motion
The action of GLPV theories [22] is given by
where g is the determinant of the metric g µν , L m is a matter Lagrangian with matter fields Ψ m , and
3)
Here G i (φ, X) (i = 2, 3, 4, 5) and F j (φ, X) (j = 4, 5) are functions of the scalar field φ and its kinetic term X ≡ ∇ µ φ∇ µ φ, R is the Ricci scalar, G µν is the Einstein tensor, ǫ µνρσ is the totally antisymmetric Levi-Civita tensor, and a comma represents the partial derivative with respect to φ or X, e.g., G 4,X ≡ ∂G 4 /∂X. We use the metric signature (−, +, +, +). Horndeski theories correspond to the choice F 4 = F 5 = 0. The action (2.1) was discovered by expressing the Horndeski action in terms of the 3+1 ADM decomposition of space-time by choosing the unitary gauge (φ = φ(t)) for a time-like scalar field [21, 51, 52] and by generalizing it without imposing the two conditions Horndeski theories obey [22] . In terms of the extrinsic curvature K µν and the intrinsic curvature R µν , the Lagrangian of GLPV theories on such a background is simply given by 6) where 
8) 9 )
10)
11) 12) where E 3 (φ, X) and E 5 (φ, X) are auxiliary functions satisfying
These auxiliary functions were introduced in Ref. [21] for the convenience of rewriting Horndeski Lagrangians in the ADM form. The relations (2.7)-(2.12) were first derived for the isotropic cosmological background with X < 0 [22] . Even for the background with X > 0, we can use the functions A 2,3,4,5 and B 4,5 in (2.7)-(2.12) to obtain equations of motion simpler than those derived with the functions G 2,3,4,5 and F 4,5 . Since our interest in this paper is the spherically symmetric solutions, we focus on the case X > 0 in the following discussion.
We have the following relations
14)
The two relations, F 4 = 0 and F 5 = 0, which define the Horndeski theories, correspond to A 4 + B 4 − 2XB 4,X = 0 and A 5 + XB 5,X /3 = 0, respectively. Therefore, the functions F 4 and F 5 characterize the deviation from Horndeski theories.
We consider the spherically symmetric and static space-time described by the lineelement 16) where Ψ(r) and Φ(r) are the gravitational potentials depending on the radius r from the center of symmetry. As for the matter Lagrangian we consider a perfect fluid whose energymomentum tensor is given by T 
where a prime represents a derivative with respect to r, and
and
The parameter α H4 characterizes the deviation of the GLPV theories from the Horndeski domain for the Lagrangians up to L 4 . In the presence of L 5 , the difference between A 5 and −XB 5,X /3 also gives rise to the departure from the Horndeski domain, but we will show that the deviation from the L 4 sector is crucial for the appearance of the conical singularity.
3 Appearance of the conical singularity at the center of a compact body
The conical singularity found in Ref. [32] appears at the center of a compact body in the case where the parameter α H4 approaches a non-vanishing constant as r → 0. This happens for the simple model in which −A 4 and B 4 are non-zero constants different from each other. In the following, we first review how the conical singularity arises in such a simple model and then discuss general conditions for avoiding the divergence of curvature scalar quantities.
Models with a conical singularity
Let us begin with the model of a massless scalar field characterized by the functions
where G 4 and α H4 (= α t4 ) are constants. This is arguably the simplest extension of GR (−A 4 = B 4 = M 2 pl /2, where M pl is the reduced Planck mass) to the domain of GLPV theories (α H4 = 0).
We consider a spherically symmetric body and derive the solutions to Eqs. (2.17)-(2.20) around its center (r = 0). In doing so, we expand the gravitational potentials and the scalar field around r = 0, as
3) 
where ρ s is a constant. If the density depends on r, we can expand ρ m (r) in the form ρ m (r) = ρ 0 + ρ 1 r 2 + · · · around r = 0. This difference does not affect the discussion of the conical singularity given below, so we shall focus on the case of constant ρ m up to the end of Sec. 4. In Sec. 5 we study the case in which the density varies as a function of r in order to discuss the behavior of the solutions inside and outside the body. Substituting Eqs. (3.2)-(3.5) into Eqs. (2.17)-(2.19), we can iteratively derive the coefficients of Φ(r), Ψ(r), and φ(r). For the model (3.1) we obtain the following solutions
Since the coefficients φ i (where i ≥ 2) vanish, the scalar field is constant around r = 0. On using these solutions, the Ricci scalar is given by
For the theories with α H4 = 0, there is the conical singularity associated with the divergence of R. This singularity arises independently of the choice of the integration constants ρ s , Ψ 0 , and φ 0 .
Requirements for the absence of singularities at the origin
In Sec. 3.1 we have shown the existence of the conical singularity for the simple model (3.1), but this property is generic for the models in which the parameter α H4 approaches a non-zero constant as r → 0. On using the expansions (3.2)-(3.4) for general models, the Ricci scalar R around r = 0 reads
Thus, the gravitational potentials up to first order in r are intrinsically related to the divergence of R. The Ricci scalar remains finite under the two conditions
On account of the two conditions (3.11) and (3.12), we also find 14) so that the singularity is absent at r = 0 if and only if Φ 1 = 0 = Ψ 1 , as it also happens in GR. In summary, the static object does not possess curvature singularities at r = 0 if
For the solutions (3.6)-(3.7) we have that e −2Φ 0 = 1 + α H4 and Φ 1 = Ψ 1 = 0, so the first condition (3.15) is violated for α H4 = 0. In GLPV theories up to the Lagrangians L 4 , one can generalize the model (3.1) in such a way that additional contributions to the functions A 2 , A 3 , A 4 , B 4 are present. Introducing the cosmological constant −Λ in A 2 , we have additional r 2 -dependent contributions to Eqs. (3.6)-(3.7). However, this does not modify the existence of the conical singularity.
If we take into account additional X-dependent terms like A i ∝ X i (where i ≥ 1), it follows that the coefficients C 1,2,3 in Eq. (2.21) vanish for r → 0 with the field profile (3.4) satisfying the boundary condition φ ′ (0) = 0. On using the properties φ ′ (r) ≃ 2φ 2 r and φ ′′ (r) ≃ 2φ 2 around r = 0 for the function A 4 containing β 4 X (β 4 is a constant), the coefficient C 4 in Eq. (2.21) approaches a constant value 32β 4 φ 2 2 e −4Φ 0 as r → 0. Apparently the constant C 4 can be absorbed into A 2 in Eq. (2.17), but we need to caution that it appears differently in Eq. (2.19) with an extra contribution C 4 /2 relative to A 2 . To address this issue, we first derived the solutions to Φ and Ψ iteratively by expanding Eqs. (2.17)-(2.18) up to quadratic order in r and then substituted them into Eq. (2.19) . This second step leads to the equality C 4 /2+ cφ 2 2 r 2 + O(r 3 ) = 0, where c is a non-zero constant. Since the term cφ 2 2 r 2 needs to vanish, we obtain φ 2 = 0. Under this condition the first term C 4 /2 = 16β 4 φ 2 2 e −4Φ 0 vanishes identically, so there is no inconsistency for the extra term C 4 /2 mentioned above. For the theories with additional terms −Λ in A 2 and β 4 X in A 4 to the functions (3.1), the resulting gravitational potentials correspond to Eqs. (3.6)-(3.7) with the replacement ρ m → ρ m + Λ.
Another possibility is to take into account the φ-dependence in the functions A 2 , A 3 , A 4 , and B 4 . Since φ(r) approaches a constant as r → 0, an additional φ-dependent contribution to A 2 behaves as the cosmological constant Λ discussed above. Similarly, in the limit that r → 0, C 3 vanishes and C 4 approaches a constant, so addition of φ-dependent terms in A 3 and A 4 does not affect the existence of the conical singularity. We note that the φ-dependence in A 4 and B 4 leads to the variation of the scalar field such that φ 2 is a non-zero constant in Eq. (3.4) [32] (as we will see in Sec. 5). However, this does not modify the solutions (3.6)-(3.7) up to first order in r.
Effect of the Lagrangian L 5 on the conical singularity
We study how the Lagrangian L 5 affects the problem of the conical singularity discussed in Sec. 3. The quantities A 5 and B 5 appearing in Eqs. (2.17)-(2.19) are related with the functions G 5 and F 5 in the Lagrangian (2.5), as Eqs. (2.11) and (2.12). Let us consider the functional form of G 5 (φ, X) given by
where g n/2 (φ) is an arbitrary function of φ, and n (≥ 0) is an integer. The choice of the power n/2 in X = e −2Φ φ ′2 comes from the fact that we would like to take into account the terms with odd powers of φ ′ in addition to even powers. The function (4.1) can encompass most of the models with the Lagrangian L 5 proposed in the literature. For example, we have G 5 (φ) = g 0 (φ) ∝ φ for the non-minimal derivative coupling model [53, 54] , G 5 (X) = g 2 X 2 for covariant Galileons [10] , and G 5 (X) = g m X m (m ≥ 1) for extended Galileons [55] . For the purpose of studying the singularity problem around the center of a compact body, the function (4.1) is sufficiently general as it can be regarded as the expansion of a regular function G 5 around r = 0. Note that, for the finiteness of the action (2.1) in the limit φ ′ → 0, G 5 should not contain negative powers of X m . Since the leading-order term of the field derivative is given by φ ′ (r) ∝ r, it follows that the r.h.s. of Eq. (4.1) can be expanded as
where G 5i 's are constants. This is of the same form as the expansions (3.2)-(3.3) of Φ(r) and Ψ(r) around r = 0.
The auxiliary function E 5 defined by Eq. (2.13) reads
where B(φ) is a function of φ arising from the integral with respect to X. Since the arbitrariness of the function B(φ) should not affect the background equations of motion through the term B 5,φ , we focus on the case in which B does not depend on φ. From Eqs. (2.11) and (2.12), it follows that
Since F 5 = 0 in Horndeski theories, the function A 5 does not contain a non-zero constant term. In GLPV theories it is possible to have constant A 5 for the choice F 5 (φ) = c 5 X −5/2 , where c 5 is a constant. For the finiteness of the action (2.1) in the limit X → 0, we require that both A 5 and B 5 do not involve the negative powers of X m [which is the case for B 5 in Eq. (4.4)]. As we will see later in Sec. 4.2, this restricts the functional form of F 5 . The existence of the term G 5 (φ, X) also gives rise to modifications to the functions A 4 and B 4 , as
5)
where we used Eq. (2.23). For example, the non-minimal derivative coupling model corresponds to g 0 (φ) = c 0 φ and g n/2 (φ) = 0 for n ≥ 1. In this case, the terms proportional to X are present in Eqs. (4.5) and (4.6). As we already discussed in Sec. 3.2, this additional term does not modify the existence of the conical singularity at r = 0. This is also the case for the function (4.1) containing the terms with the power n ≥ 1.
To study the effect of the terms A 5 and B 5 on the equations of motion (2.17)-(2.19), we first discuss the case F 5 = 0. Picking up one term in Eq. (4.1), i.e., G 5 (φ, X) = g n/2 (φ)X n/2 , it follows that
where n ≥ 1. For n = 0 the terms A 5 and B 5 do not provide any contribution to the equations of motion, but the effect of L 5 appears through the functions A 4 and B 4 . As discussed in Sec. 3.1, we consider the model of a massless scalar field characterized by the functions
where G 4 ( = 0) and α H4 are constants. The deviation from Horndeski theories (α H4 = 0) arises from the Lagrangian L 4 . For the theories with n > 2, the term X (n+1)/2 in Eqs. (4.7) and (4.8) has the power-law index larger than 3/2. On using the fact that the field φ(r) can be expanded as Eq. (3.4) around r = 0, the five coefficients D 1,2,3,4,5 for n > 2 vanish as r → 0. Hence the conical singularity induced by the non-zero constant α H4 term is not affected by the terms with n > 2 in G 5 . This includes the case of the Lagrangian L 5 for covariant Galileons (n = 4). For the power n = 2, it follows that the coefficients D 1,2,4,5 vanish as r → 0, whereas
This term simply works as an additional constant to A 2 in Eq. (2.17), so the conical singularity is not affected by the term g 1 (φ)X in Eq. (4.1). For n = 1, the coefficient D 4 vanishes as r → 0, while the other coefficients behave as
In this case, we expand Φ, Ψ, φ as Eqs. (3.2)-(3.4) and substitute the functions (4.7)-(4.9) and their derivatives into Eqs. (2.17)-(2.19) to derive the solutions around r = 0 iteratively. In doing so, we consider the terms like g n/2 (φ), g n/2,φ (φ), and g n/2,φφ (φ) as constants. Then, we obtain the same solutions as those derived in Eqs. (3.6)-(3.8). Since the field φ(r) stays constant, we have φ 2 = 0 and hence all the coefficients of Eq. (4.11) vanish. Note that the solutions for n ≥ 2 are also given by Eqs. (3.6)-(3.8).
The above discussion shows that, for F 5 = 0, the conical singularity arising from the non-zero α H4 is not affected by the Lagrangian L 5 containing the function G 5 in the form (4.1).
F 5 = 0
Let us proceed to the case in which F 5 does not vanish (i.e., outside the Horndeski domain) with G 5 given by Eq. (4.1). Then, the functions A 5 , B 5 , A 4 , B 4 are of the forms (4.3)-(4.6), where G 4 ( = 0) and α H4 are assumed to be constant. We also consider the massless scalar field with A 2 = −X/2 and A 3 = 0.
As long as A 5 does not contain negative powers of X m , the action (2.1) remains finite. In addition to the positive powers originating from the sum on the r.h.s. of Eq. (4.3), we can also take into account the terms a 0 (φ) and a 1 (φ)X 1/2 from the new contribution −X 5/2 F 5 , where a 0 (φ) and a 1 (φ) are functions of φ. In this case, we have
This expression can be regarded as the expansion of the regular function A 5 with respect to r around the center of the compact body. Now, we derive the solutions to Eqs. (2.17)-(2.19) under the expansions (3.2)-(3.4) around r = 0. After differentiating the functions (4.3)-(4.6) with respect to φ, we deal with the terms such as a 0,φ and a 1,φ as constants. Up to linear order in r, the gravitational potentials are given by 14) and φ 2 = 0. These solutions arise from the existence of the non-vanishing term a 0 in the limit X → 0. The terms containing ρ m appear at cubic order in r. We recall that the curvature quantities are finite under the three conditions (3.15), (3.16), and (3.17). Demanding the first condition (Φ 0 = 0) as the usual boundary condition in GR, the coefficients of the linear term in r read 1
For the theories with α H4 = 0, neither Eq. (3.16) nor Eq. (3.17) are satisfied, so the divergence of curvature quantities still persists even in the presence of the F 5 term. If α H4 = 0, then we have Φ 1 = Ψ 1 = 0 and hence there is no divergent behavior of curvature invariants. Equations (4.13) and (4.14) look divergent in the limit that a 0 → 0, but for the theories with a 0 = 0 the solutions to gravitational potentials are different from those for a 0 = 0. When a 0 = 0 the dominant contributions to the coefficients of Φ ′ and Ψ ′ in Eqs. (2.17)-(2.18) correspond to the term 4e −2Φ A 4 /r around the origin. On the other hand, when a 0 = 0, the term 12e −3Φ A 5 /r 2 , which comes from D 2 , dominates over the contribution 4e −2Φ A 4 /r in the limit r → 0. In the latter case, the 1/r 2 dependent term mentioned above gives rise to the unusual solutions (4.13) and (4.14) with an arbitrary value of Φ 0 . In other words, there is no continuous limit between the solutions for a 0 = 0 and a 0 = 0. When a 0 = 0, the leading-order contribution to Φ is given by Φ 0 = −(1/2) ln(1 + α H 4 ) without the divergences of Φ and Ψ. Hence, for α H 4 = 0, the conical singularity is present in this case as well.
The above discussion shows that the additional term F 5 to the Lagrangian L 5 provides the new contributions a 0 (φ) and a 1 (φ)X 1/2 to A 5 , but such terms themselves do not generate new types of singularities at the origin. The conical singularity intrinsically arises for the models in which the parameter α H4 approaches a non-zero constant as r → 0. The existence of the function F 5 beyond the Horndeski domain does not help to eliminate the curvature singularity induced by the Lagrangian L 4 with α H4 = 0. Since the functional forms (4.12) and (4.4) can be regarded as the expansions of regular functions A 5 and B 5 with positive powers of X m , our results are valid for general models in which the action (2.1) is finite for X → 0.
Solutions inside/outside the compact body and the screening mechanism
In this section we obtain the field profile around the spherical symmetric body under the approximation of weak gravity (|Φ| ≪ 1, |Ψ| ≪ 1). We take into account the non-minimal coupling G 4 (φ)R to study whether the screening of the fifth force between the field φ and matter can be at work in the presence of the Lagrangian L 5 with F 5 = 0. We also study the matching of solutions inside and outside the body to place constraints on the magnitude of the Lagrangian L 5 for the consistency with local gravity experiments.
In GR (−A 4 = B 4 = M 2 pl /2), the terms 4e −2Φ A 4 Φ ′ /r and 4e −2Φ A 4 Ψ ′ /r, which are of the order of 4A 4 Φ/r 2 , are the dominant contributions to Eqs. (2.17) and (2.18), respectively. We divide Eqs. (2.17)-(2.18) with respect to 4A 4 /r 2 and consider each of the terms as small parameters at most of the order Φ. This is required to recover the behavior close to GR in the solar system [47, 50] . We also assume that the parameters |α H4 | and |α t4 | are much smaller than unity and that the pressure P m of non-relativistic matter is of the same order as ρ m Ψ.
Taking the r derivative of Eq. (2.18) and combining it with Eq. (2.20), we can eliminate the P ′ m term to obtain the second-order equation for Ψ. Eliminating the second derivative Ψ ′′ by using Eq. (2.19) with Eqs. (2.17) and (2.18), we can derive the second-order equation for φ. Under this scheme of approximations, we obtain
where
2)
The parameters β, α 1 , α 2 are given by 
Concrete model
In the framework of GLPV theories, we consider a massless scalar field φ coupled to the Ricci scalar R with F (φ)R. We study how non-linear field self-interactions like f 4 (X) in G 4 and f 5 (X) in G 5 affect the field profile inside/outside the body. We also take into account the "beyond-Horndeski" terms F 4 = g 4 (X) and F 5 = g 5 (X). Namely, we study the theories given by
On using the correspondence (2.7)-(2.12) with X > 0, these functions translate to
For concreteness, we focus on the following functions 
which vanishes as r → 0 for the boundary condition φ ′ (0) = 0. Hence there is no conical singularity at r = 0 induced by α H4 . The functions A 5 and B 5 read We fix the mass scale M to be
where H 0 is the today's Hubble parameter whose inverse is of the order of H −1 0 ≃ 10 28 cm. The choice (5.15) is associated with the fact that we are interested in the case where the field φ is responsible for the present cosmic acceleration like the covariant Galileon model [10, 56] . The Galileon cosmology studied in Ref. [56] is based on the minimal coupling model (F (φ) = 1) with g 4 = 0 = g 5 , in which case there is a tracker that finally approaches a de Sitter attractor characterized by X = constant. The model (5.10) is the extension of covariant Galileons to the case in which there are two more functions g 4 and g 5 . The coupling between the field φ and gravity is characterized by the non-zero constant q. The field is indirectly coupled to matter through its gravitational interaction.
For the above theories, the field equation of motion is given by Eq. (5.1) with
We derive the solution to Eq. (5.1) around a compact body with the r-dependent density ρ m (r). For concreteness, let us consider the density distribution
where ρ c is the central density. The density starts to vary significantly at the transition radius r t , which is of the same order as the radius r s of the body. We can also consider other density profiles which decrease for larger r, but the qualitative behavior of solutions is similar to that discussed below.
To derive the field profile analytically as well as numerically, it is convenient to introduce the following dimensionless quantities
Then, Eq. (5.1) can be written as
We remind the reader that d 5 = 0 corresponds to the case F 5 = 0 (one of the two conditions Horndeski theories satisfy), whereas s 5 = 0 implies the case in which L 5 does not affect the dominant term in the scalar-field equation (5.1). The quantity z obeys the differential equation
, where ρ 0 = 10 −29 g/cm 3 is the today's cosmological density, λ 2 is much smaller than λ 1 for compact bodies like the Sun or the Earth. For the Sun (ρ c ≃ 100 g/cm 3 and r s ≃ 7 × 10 10 cm), we have that λ 1 ≃ 0.1 and λ 2 ≃ 10 −12 . If we consider the distance x = r/r s for which the condition
is satisfied, the first two terms on the r.h. The distance at which the condition (5.24) starts to be violated corresponds to the Vainshtein radius r V . This radius can be derived after obtaining the solution to Eq. (5.25). Provided the Vainshtein mechanism is at work, the variation of z = φ/M pl is tiny, such that the quantity 
where the integration constant arising in Eq. (5.28) has been absorbed into r g , and another integration constant arising in Eq. (5.29) has been set to 0 to satisfy the boundary condition Ψ(r → ∞) = 0. We have also neglected the term (3c 4 − d 4 )X 2 /M 6 in A 4 , which gives rise to the contributions to Φ and Ψ of the orders of (3c 4 − d 4 )m 8 x 4p /(M 6 M 2 pl )r g /r (which are smaller than the fourth terms in Eqs. (5.28) and (5.29) for r > r g ).
For p = 0, the solutions to Φ and Ψ are given by
where r * is an integration constant. Since the φ ′′ term in Eq. (5.7) vanishes in this case, the Lagrangian L 5 does not affect the gravitational potentials for the constant φ ′ solution.
For the consistency with local gravity experiments, the post Newtonian parameter γ = −Φ/Ψ is constrained to be [57] |γ − 1| < 2.3 × 10 Under the boundary condition φ ′ (0) = 0, the solution to Eq. (5.25) around r = 0 (at which e −x 2 /ξ 2 t ≃ 1) is given by y(x) = qx 3 /(24s 4 ), i.e.,
On using the solution (5.34), we find that the second term on the r.h.s. of Eq. (5.33) is smaller than the first one for the distance
For λ 1 O (1), which includes the case of the Sun, r 1 is larger than r s . Around the surface of the body, however, the exponential term e −x 2 /ξ 2 t starts to suppress the r.h.s. of Eq. (5.33). Employing the approximation that the r.h.s. of Eq. (5.33) vanishes in the regime r > r s , we obtain φ ′ (r) = constant. Matching this with Eq. (5.34) at r = r s , the solution for r > r s is given by
The solution (5.36) is valid up to the radius r V at which the condition (5.24) starts to be violated. This radius can be estimated as
(5.37)
In the regime r > r V , the first term −6y/x on the r.h.s. of Eq. (5.21) dominates over the other terms, so we obtain the solution φ ′ (r) ∝ 1/r 2 . Matching this with Eq. (5.36), the resulting solution for r > r V is given by
The Schwarzschild radius for the density profile (5.19), in the limit r → ∞, reads
where we used the approximation r t ≈ r s . Then, the solutions (5.36) and (5.38) can be expressed in the forms φ ′ (r) ≈ qM pl r g /r 2 V and φ ′ (r) ≈ qM pl r g /r 2 , respectively, with r V ≈ |s 4 | 1/6 (|q|M pl r g ) 1/3 /M . These solutions coincide with those for the theories with L 5 = 0 [32] .
In Fig. 1 we plot an example of the field profile for c Unless |s 5 | is much less than unity, we have that r 2 ≪ {r s , r 1 } for λ 2 ≪ 1 and for λ 1 , |s 4 |, |q| of the order of unity. Then, the L 5 -dependent contribution begins to be important for the 44) where erf(x) = (2/ √ π)
x 0 e −s 2 ds is the error function and C is an integration constant. Since the solution (5.42) is valid up to the dimensionless distance x 2 ≡ r 2 /r s , we can match it with Eq. (5.44) at x = x 2 . Then, the solution for the distance r > r 2 (but for r smaller than the Vainshtein radius r V derived later) is given by
Provided that r 2 ≪ r t , the term ξ t erf(x 2 /ξ t ) is close to 0. The function y(x) increases for larger x with the growth of the error function erf(x/ξ t ) toward 1. , the order of φ ′ (r) is not very much different from that for s 5 = 0, see the cases (a) and (b) in Fig. 1 . Hence the screening of the fifth force in the regime r s < r < r V works in a similar way to that discussed in Sec. 5.2. Provided that y(x) given by Eq. (5.47) is not much different from the value qx 3 2 /(24s 2 ), the solar-system constraint (5.32) is satisfied for r s < r < r V .
For the distance r < r s the variation of φ ′ (r) occurs, so the Lagrangian L 5 gives rise to non-vanishing contributions to the gravitational potentials. In the case of the Sun, the last terms of Eqs. (5.28) and (5.29) Fig. 1 we have chosen the values s 4 = 1, q = 1, and ξ t = 0.5, so the condition (5.48) translates to s 5 < O(10 −5 ) for the Sun.
s 5 < 0
Let us proceed to the discussion for the case s 5 < 0. The third term on the r.h.s. of Eq. (5.41), which is negative, tends to catch up with the first one around the distance r = r 2 , but the solution is saturated around the point dy/dx = 0. In the regime r 2 < r < r t ≈ r s at which the factor e −x 2 /ξ 2 t is of the order of 1, the leading-order solution to Eq. We recall that, for s 5 = 0, the field solution is given by y(x) ≃ q/(24s 4 ) for the distance r s < r < r V . On using the solution (5.54), the ratio between φ ′ (r) for the s 5 < 0 case and the s 5 = 0 case is given by Fig. 1 corresponds to the field profile for c 5 = d 5 = −1.0. As estimated above, the field derivative in the regime r s r < r V is suppressed relative to the s 5 = 0 case. In the case (d) of Fig. 1 , the transition from the solution (5.42) to another solution (5.52) occurs at the distance r 2 much smaller than r s . In the regime r 2 < r r s the field derivative increases as φ ′ (r) ∝ r 1/2 , whose growth rate is smaller than that for s 5 = 0 (φ ′ (r) ∝ r). This is the reason why the negative values of s 5 lead to the suppression of φ ′ (r) for the distance r larger than r 2 .
Since the constant solution of φ ′ (r) in the range r s r < r V is smaller than that for s 5 = 0, the model with s 5 < 0 is consistent with local gravity constraints. For the distance r 2 < r r s , the solutions to gravitational potentials are given by Eqs. 
Conclusions
We have investigated the problems of the conical singularity and the screening mechanism in full GLPV theories. If the deviation parameter α H4 from Horndeski theories approaches a non-zero constant at the center of a compact body (in the presence of a spherically symmetric background and in the absence of a shift-symmetry for the scalar field φ), the conical singularity arises at r = 0 due to a geometric modification of the four-dimensional Ricci scalar R. Using the general expansions of Φ, Ψ, and φ around r = 0, which are valid for compact objects with a regular boundary condition φ ′ (r = 0) = 0, we have shown that curvature scalar quantities (including R) remain finite if and only if the 0-th order term Φ 0 and the 1-st order terms Φ 1 , Ψ 1 vanish identically. The appearance of the conical singularity is associated with the non-vanishing value of Φ 0 induced by α H4 .
We have studied the effect of the Lagrangian L 5 on the problem of the conical singularity. The function G 5 given by Eq. (4.1) not only accommodates most of the theories proposed in the literature, but it also corresponds to the expansion of the regular function G 5 around r = 0. In this case, the functions A 5 and B 5 are of the forms (4.3) and (4.4), respectively. We showed that the Lagrangian L 5 inside the Horndeski domain (F 5 = 0) does not affect the conical singularity induced by non-zero α H4 .
In GLPV theories, there is a freedom for choosing the more general regular function A 5 in the form (4.12). Then, the solutions to gravitational potentials around r = 0 can be expressed as Eqs. (4.13)-(4.14) up to linear order in r. Even if it is possible to fix Φ 0 = 0 by the boundary condition for the function (4.12) with α H4 = 0, there are non-vanishing contributions from α H4 to the gravitational potentials (to Φ 1 and Ψ 1 ) which lead to the divergence of curvature quantities at r = 0. Thus, the curvature singularity originating from the non-zero α H4 cannot be removed by the GLPV Lagrangian L 5 . Conversely, the GLPV Lagrangian L 5 alone does not give rise to any additional curvature singularity. In other words, the term L 4 is the only one responsible for the presence of the curvature singularity in the case α H4 (r → 0) = 0.
In the presence of a non-minimal coupling between φ and R, we also derived the field profile and the gravitational potentials inside and outside the body under the approximation of weak gravity. We focused on the theories given by the functions (5.10), in which case no curvature singularities arise at r = 0. In GLPV theories there is a specific model characterized by s 5 = 8c 5 + 15d 5 = 0, where the contribution from the Lagrangian L 5 to the field equation vanishes identically. In this case the solutions to the gravitational potentials are similar to those for the theories with L 5 = 0, so that the model can be consistent with solar-system constraints under the operation of the Vainshtein mechanism.
If the parameter s 5 is positive and the condition (5.48) is violated, the field derivative φ ′ (r) exhibits divergent behavior in high-density regions. As long as s 5 is smaller than the order of s max
5
, the screening mechanism can be at work inside and outside the body. If s 5 < 0 (which also includes, in particular, the Horndeski case, d 5 = 0 with c 5 < 0), then the field derivative is suppressed relative to the s 5 = 0 case due to the existence of the intermediate solution (5.52) inside the body (see the case (d) of Fig. 1 ). In this case, the model is compatible with the solar-system bound (5.32).
We have thus shown that there are models in which local gravity constraints can be satisfied in the framework of full GLPV theories involving the Lagrangian L 5 , while the curvature singularity is absent at r = 0. It will be of interest to study whether or not such models are cosmologically viable in connection to the dark energy problem. We leave this for a future work.
